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Alternative theories of gravity predit the presene of massive salar, vetor, and tensor grav-
itational wave modes in addition to the standard massless spin 2 graviton of General Relativity
(GR). The deetion and frequeny shift eets on light from distant soures propagating through a
stohasti bakground of gravitational waves, ontaining suh modes, dier from their ounterparts
in GR. Suh eets are onsidered as a possible signature for alternative gravity in attempts to
detet deviations from Einstein's gravity by astrophysial means.
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I. INTRODUCTION
Einstein's theory of GR has been tested in its weak-
eld approximation and found to pass all the available
experiments at terrestrial and Solar System sales [1℄.
Outside the Solar System, the binary pulsar 1913+16 [2℄
provides indiret evidene for gravitational waves with an
energy loss onsistent with GR. However, other theories
may produe the same hange of orbital parameters: for
example, the emission of salar radiation from this binary
within the ontext of salar-tensor gravity is neessarily
small beause, due to the high symmetry of this system,
the dipole moment is small. As a onsequene, the on-
straints on salar-tensor gravity imposed by the binary
pulsar are not ompetitive with those from Solar System
tests (however, the binary pulsar data are suient to
rule out Rosen's bimetri theory) [1℄.
Gravitational lensing has provided evidene for light
deetion on galati and luster sales but, due to our
ignorane of the detailed mass distribution of the lens,
gravitational lens systems onstitute poor tests for the
theory of gravity (even assuming the validity of GR, the
lens model is not unique). Instead, one tries to obtain
information about the mass distribution in the lens by
assuming the validity of GR and, in this ontext, obtains
evidene for dark matter.
No deviations from Einstein's gravity have been de-
teted so far in the Solar System or binary pulsar and
therefore, from the experimental point of view, there is
no ompelling reason to study alternative gravity theo-
ries. On the other hand, high energy theories that inor-
porate gravity, suh as superstring theory, supergravity,
and braneworld models, predit deviations from GR in
the form of extra salar, vetor, or tensor elds of gravita-
tional origin, massive gravitons, large extra dimensions,
higher order orretions to the Einstein equations, or vi-
olations of the Equivalene Priniple. The low-energy
limit of these theories resembles more salar-tensor or
f(R) gravity than GR [3, 4℄. This fat, in itself, on-
stitutes a motivation to explore astrophysial and other
eets in gravitational theories beyond GR. Further, the
1998 disovery [5℄ that, if GR is orret, 75% of the en-
ergy ontent of the universe is in a mysterious and exoti
form alled dark energy, whih propels the aelerated
expansion of the universe in the present era [6℄, leads one
to be more inlined towards exploring alternative theo-
ries of gravity rather than reinforing one's faith in Ein-
stein's theory whih, after all, has been tested only at the
post-Newtonian level and mostly at Solar System sales.
It is true that the bakreation of loal inhomogeneities
in an otherwise Friedmann-Lemaitre-Robertson-Walker
universe ertainly aets its dynamis, and that this ef-
fet is obtained in pure GR without advoating dark en-
ergy or modied gravity [7℄. However interesting this
possibility may be, it has not been possible to produe
evidene that the magnitude of this bakreation eet is
suh that it an explain the osmi aeleration observed.
Bakreation, dark energy, and modied gravity are still
open possibilities, eah senario has its own diulties
and, at present no hoie between them is ompelling,
and an be motivated other than by aesthetial onsider-
ations or taste. Of ourse, a onservative relativist ould
argue that sine no deviation from GR has ever been de-
teted, it is pointless to atively pursue ompeting theo-
ries of gravity. On the other hand, proponents of the high
energy physis point of view would be justied in replying
that we may atually be deteting the rst (large sale)
deviations from Einstein's theory in the osmi aelera-
tion, and that it would be foolish to ignore them.
We remind the reader that the need to postulate dark
matter in order to explain the rotation urves at gala-
ti and luster sales, has led people to doubt not only
general relativity, but even Newtonian gravity, and has
produed MOND and TeVeS theories [8, 9℄, and f(R)
2gravity with anomalous ouplings to matter [10℄. There-
fore, it seems reasonable to try to identify possible ways
to test gravity beyond the Solar System. There seem to
be two oniting points of view, orresponding to two
dierent ommunities: deviations from Einstein's gravity
are regarded as unavoidable by high energy physiists,
their detetion being only a matter of tehnologial lim-
its. On the other hand, lassial relativists may regard
the theories produing suh deviations as exotia, and it
is ertainly true that the latter do not have experimental
support so far. While theories of gravity alternative to
general relativity are purely hypothetial so far, they are
theoretially well-motivated and there is sope to try to
detet deviations from Einstein's gravity. It is interesting
to point out that preliminary results in positive energy
theorems exist for suh theories as disussed in details in
[11℄. Besides, in the light of developments in high energy
physis, suh possibilities should not be disarded a pri-
ori. Eventually, experiment is the judge and the failure
to detet deviations from GR further onstrains alterna-
tive theories and worsens the ne-tuning problems that
they may have.
Here we do not want to argue in favour of GR or its
ompetitors: rather, we try to bridge the two points of
view and we study possible deviations from GR predited
by high energy theories. We fous on a possible astro-
physial eet that was studied in the past in the ontext
of GR, and found to be negligible, but is potentially inter-
esting in alternative theories of gravity. This eet on-
sists of the deetion and frequeny shift of a light beam
due to its propagation through a stohasti bakground
of gravitational waves. In many theories of gravity, ex-
tra gravitational elds (salar, vetor, and tensor) appear
in addition to the usual massless spin 2 graviton famil-
iar from GR. These modes, massless or massive, orre-
spond to extra degrees of freedom ontained in the metri
tensor gµν and show up as gravitational waves emitted
by early astrophysial soures or exited by osmologial
proesses, superposing to form a stohasti bakground.
Suh a bakground, analogous to the osmi mirowave
bakground of eletromagneti waves, is well known in
GR, and the propagation of light rays through it has been
studied in detail [12, 13, 14, 15, 16, 17℄. Consider a penil
of light rays propagating from a distant light soure (pos-
sibly at a osmologial distane) to an observer. Sine
gravitational waves deet light rays and perturb their
frequeny, naively one expets a photon undergoing N
satterings in this bakground to be desribed by a ran-
dom walk and its deetions, or frequeny shifts, to add
stohastially as
√
N . Even though the deetion is at
most of linear order in the gravitational wave amplitudes
whih are very small, sine the travelled distane an be
large, suh a umulative (or L-) eet that grows as
√
L
ould ompensate for it, and it has indeed been laimed
in the past [13, 18℄. Intuition fails, however, beause it is
based on familiarity with random walk proesses in whih
the satterers are stati or nearly stati, while the mass-
less gravitons of GR, responsible for photon sattering,
propagate at the speed of light. The size of the deetion
(or frequeny shift) eet is a matter of relative veloities,
i.e., of the dierene between the speed of the propagat-
ing signal and that of the perturbations from a uniform
bakground through whih the signal propagates. When
this fat is taken into aount, the umulative L-eet
disappears [14, 15, 16, 17, 19℄. The quantitative desrip-
tion of the deetion (or frequeny shift) eet depends
not only on the relative speed, but also on the spin s
of the eld responsible for the non-stationary perturba-
tions in the otherwise homogeneous medium. A om-
prehensive quantitative treatment is given in [19℄. The
analogous situation for massless salar modes in salar-
tensor gravity was briey onsidered in [20℄ and it was
found that, in spite of a logarithmi dependene of the
rms deetion on L, the eet is numerially omparable
to the one in GR and, therefore, ompletely negligible
for pratial purposes. However, the spetrum of gravi-
tational theories now available is onsiderably larger and
the onsideration of astrophysial eets due to massive
elds of various spins forming a stohasti bakground
an potentially be of interest, sine massive elds an al-
low for a umulative L-eet, whih will be explored in
the following setions.
The plan of this paper is as follows. In Se. II we
briey reall the physis of the deetion and frequeny
shift eets for non-stationary perturbations of dierent
spins. In Se. III this analysis is applied to gravitational
theories that predit deviations from GR. In Se. IV the
ase of modied (or f(R)) gravity is studied in detail,
while Se. V ontains a disussion and the onlusions.
II. DEFLECTIONS AND FREQUENCY SHIFTS
CAUSED BY PROPAGATION IN A
GRAVITATIONAL WAVE BACKGROUND
To realize how gravitational waves indue deetions
and frequeny shifts in a light ray with tangent pµ
that traverses them, it is suient to onsider the null
geodesi equation
dpµ
dλ
+ Γµαβ p
αpβ = 0 . (1)
By loally expanding the metri as gµν = ηµν+hµν in an
asymptotially Cartesian oordinate system, where the
perturbations hµν (with |hµν | << 1) desribe gravita-
tional waves, omputing the Christoel symbols Γµαβ to
rst order, and using the fat that pµ = pµ(0) + δp
µ =
(1, 0, 0, 1) + δpµ with δpµ = O(h) for a photon with un-
3perturbed path along the z-axis, one obtains
δpµ = −
∫ O
S
dλΓµαβ p
α
(0)p
β
(0)
=
1
2
∫ O
S
dz (h00 − 2h03 + h33),µ +O(h2) , (2)
where the integral is omputed along the unperturbed
path from the soure S to the observer O. This
shows that, in GR, a gravitational wave propagating
(anti)parallel to the light ray has no eet on it, to rst
order.
1
If the hµν desribe a superposition of many
waves with random phases, diretions of propagation,
and polarizations, one will obtain deetions suh that
〈δpµ〉 = 0 but 〈(δpµ)2〉 6= 0. Therefore the problem is
whether these random deetions (for µ = 1, 2, 3) or fre-
queny shifts (for µ = 0) add stohastially. This prob-
lem has been solved by Linder [19℄ in a more general
ontext by onsidering random utuations due to inho-
mogeneities propagating with arbitrary speed v between
the light soure (at z = 0) and an observer (at z = L)
and due to a superposition of elds of spin s = 0, 1, or 2.
By writing the deetion due to a single mode as
θµ =
∫ L
0
dz ǫ,µ (3)
and ǫ (t, ~x) = Re (ǫ0eikµxµ), Linder obtains the mean
square deetion
〈θ2µ〉 =
1
2
Σ2s=0〈Re2ǫs〉
2s∑
n=−2
anJn , (4)
where s is the spin of the eld responsible for the inho-
mogeneities, an are onstants, and Jn are the integrals
Jn =
1
(kL)
n+1
∫ kL(1−v)
2
−kL(1+v)
2
dy yn sin2 y . (5)
One is interested in the limit for wavenumbers k and
lenghts L suh that kL >> 1; in this limit the integrals
Jn for n ≥ 0 annot ause an L-eet and we fous on
the integrals for n = −2,−1, given by [19℄
J−1 = −4 (1 + s) v
(
1− v2)s ∫ kL(1−v)2
−kL(1+v)
2
dy
sin2 y
y
, (6)
J−2 = kL
(
1− v2)1+s ∫ kL(1−v)2
−kL(1+v)
2
dy
sin2 y
y2
. (7)
1
This an be seen by adopting the transverse-traeless gauge in
whih h00 = h03 = h33 = 0 for a gravitational wave propagating
in the ±z diretion.
While Linder, in the ontext of GR, foussed on mass-
less spin 2 gravitons and the limit v → 1, here we are
interested in the opposite limit for massive modes. As
shown in the next setion, some of these modes an be-
ome very massive, orresponding to v → 0. In this ase
J−1 beomes negligible and we are left with the J−2 on-
tribution.
III. APPLICATION TO ALTERNATIVE
THEORIES OF GRAVITY
In several alternative theories of gravity, massive grav-
itational elds appear whih an potentially give rise to
an L-eet. Some of them are inspeted in the following.
III.1 Senarios with large extra dimensions
It has been suggested [21℄ that the hierarhy prob-
lem ould be solved in theories with large (sub-millimeter
size) extra spatial dimensions, in whih gravitons prop-
agate through (3 + n)-dimensional spae while non-
gravitational physis is onned to the ordinary three
spatial dimensions (see [22℄ for a review). The n ex-
tra dimensions are ompatied, e.g., on a torus with a
radius Rn and gravity an be strong already at the TeV
sale. The gravitons propagating in the extra dimensions
aquire a mass given by
m2n =
4πn2
R2n
, (8)
where
Rn = 2 · 10
32−17n
n
m . (9)
The model is ruled out for n = 1 and marginally ruled
out for n = 2 (for whih R2 ∼ 2 mm), but is viable
for n > 2, orresponding to Rn < 10
−6
m. The dis-
persion relation kµk
µ = −m2n for the massive gravi-
tons yields the group veloity vg =
ck√
m2n+k
2
. If mn
is suiently large, many (most) modes omposing the
gravitational wave bakground will have k << mn and
vg ∼ ck/mn << c. For example, for n = 3, one ob-
tains m3 ∼ 3 · 10−19/3 m−1; for waves of wavelength
λg ∼ 103 km it is vg ∼ 10−2c, while longer waves with
λg ∼ 3 · 108 km= 2 A.U. yield vg ∼ 10−7c. For n = 4
and λg ∼ 103 km, it is vg ∼ 10−17c.
III.2 f
`
R,RµνR
µν , RµνρσR
µνρσ,R,2R, ...
´
theories
In general, in theories desribed
by a Lagrangian density of the type
f
(
R,RµνR
µν , RµνρσR
µνρσ,R,2R, ...
)
, there are
salar, vetor, and tensor modes, massive or massless,
4and these an, in priniple, ontribute to the grav-
itational wave bakground and produe an L-eet.
However, some of these massive modes are ghosts, whih
preludes further onsideration of these theories. An
exeption are theories with Lagrangian of the form
f (R,G), where G = R2 − 4RµνRµν + RµνρσRµνρσ is the
Gauss-Bonnet ombination. At least if ertain onditions
are satised, ghosts are avoided in these theories [23℄.
III.3 N = 2, 8 extended supergravity
The supergravity multiplet in N = 2, 8 extended su-
pergravity ontains a graviton, a gravivetor eld, two
Majorana gravitinos for N = 2, and a gravisalar eld for
N = 8. The gravisalar violates the Weak Equivalene
Priniple [24℄, and both gravisalar and gravivetor are
short-ranged. The available experiments set the limits
on their ranges Rl and Rσ, respetively, [24, 25℄
Rl ≤ 0.6 m, Rl ≥ 13 m (N = 2), (10)
Rl ≤ 0.4 m, Rl ≥ 40 m (N = 8), (11)
Rσ ≤ 0.15 m, 60 m ≤ Rσ ≤ 100 m. (12)
If these elds are truly short-ranged, they an also on-
tribute as massive modes to the gravitational wave bak-
ground and the analysis of the previous setion applies.
There is sope, therefore, to onsider the limit v → 0
for massive gravitons in these senarios in the disussion
of the previous setion.
III.4 rms deetions and frequeny shifts due to
massive modes
Sine J−1 → 0 in the limit of heavy modes v → 0, we
are left with the ontribution of
J−2 → kL
∫ +kL/2
−kL/2
dy
sin2 y
y2
(13)
in eq. (4). By using∫
dy
sin2y
y2
=
cos(2y)
2y
+
2ySi(2y)− 1
2y
, (14)
where Si(z) ≡ ∫ z0 dt sin tt = pi2 − ∫ +∞z dt sin tt is the sine
integral, one obtains
J−2 = 2 [cos(kL) + kLSi(kL)− 1] (15)
in the v → 0 limit. The term 2 [cos(kL)− 1] assumes val-
ues in the interval [−4, 0] and osillates as kL beomes
large, while the seond term kLSi(kL) dominates. Sine
Si(+∞) = π/2, the limit kL >> 1 yields the rms dee-
tion √
〈(θµ)2〉 ≈
√√√√a−2πkL
2
2∑
s=0
〈Re2ǫs〉 (16)
for these modes, where an L-eet is indeed present and
an, in priniple, ompensate for small values of the grav-
itational wave amplitudes ǫ2 to produe a non-negligible
eet. This is not surprising sine in the limit v → 0 the
propagation of the photon redues to a random walk.
More preisely, keeping the dependene of J−2 on v
yields
J−2 ≃ 2
(
1− v2) kL [Si(kL) + vSi(kLv)] (17)
and√
〈θ2µ〉 =√√√√ 2∑
s=0
2a−2kL (1− v2) [Si(kL) + vSi(kLv)] 〈Re2ǫs〉 .
(18)
In all the senarios listed above one an expet very
massive modes for whih an L-eet exists and the rms
deetion or frequeny shift is given, in order of magni-
tude, by √
〈θ2µ〉 ≃
√
kL ǫ , (19)
where ǫ is the magnitude of the wave amplitude for the
massive mode onsidered. The estimation of this quan-
tity is diult beause it depends on the proesses gen-
erating the osmologial bakground, whih are subjet
to muh speulation and large unertainties even in GR.
The alulation of preise spetra of gravitational modes
in spei proesses is beyond the purpose of this work.
We assume that detailed studies an provide, in prini-
ple, estimates of ǫ in various frequeny bands following
assumptions about spei generating proesses. In this
paper we study in more detail the ase of f(R) gravity.
IV. MASSIVE MODES IN f(R) GRAVITY
Modied or f(R) gravity has been proposed reently
in order to explain the urrent aeleration of the uni-
verse without resorting to dark energy [26, 27, 28℄. f(R)
gravity omes in three versions: the metri [26, 27℄, Pala-
tini [28℄, and metri-ane [29℄ formalisms. In the metri
formalism, in whih the metri tensor is the only indepen-
dent variable and the onnetion is the metri onnetion,
the ation is
A = 1
2k
∫
d4x
√−gf(R) + S(matter) , (20)
5where f(R) is a non-linear funtion of its argument re-
plaing the usual Einstein-Hilbert Lagrangian R − 2Λ
([26, 27℄see [30, 31, 32℄ for reviews). Corretions to
this Lagrangian that beome important as R → 0 an
explain the urrent aeleration of the universe without
resorting to dark energy, while early universe physis in a
strong urvature regime is instead aeted by orretions
desribed by positive powers of R. Indeed, the renormal-
ization of GR introdues quadrati orretions [33℄, a fat
that was exploited in Starobinsky's senario of ination
without salar elds [34℄. The ondition f ′′(R) > 0 is re-
quired in the metri (but not in the Palatini) formalism
for the absene of tahyons [35, 36℄ and for non-linear
stability [37℄.
Metri f(R) gravity is dynamially equivalent to an
ω = 0 Brans-Dike theory [31, 38℄ with a non-trivial po-
tential. In fat, by setting φ ≡ f ′(R), an equivalent
ation is [31, 38℄
S =
1
2κ
∫
d4x
√−g [φR− V (φ)] + S(matter) , (21)
where
V (φ) = φR(φ)− f(R(φ)) . (22)
The salar degree of freedom f ′(R) satises the equation
3φ+ 2V (φ) − φ dV
dφ
= κT , (23)
from whih one obtains the eetive mass [31℄
meff =
√
Rf ′′(R)− f ′(R)
3f ′′(R)
(24)
with R = R(φ).
In metri f(R) osmology, the dependene of the ef-
fetive mass of φ on the urvature and, therefore, on
the environmental density is exploited in the hameleon
mehanism in order to make these theories viable. At
Solar System densities, the salar has a very short
range, thus evading the onstraints imposed by Solar
System and terrestrial experiments on the equivalent
Brans-Dike theory, while at osmologial densities this
range beomes very long and an aet osmology. This
hameleon mehanism (well-known in quintessene mod-
els [39℄) makes these theories viable, but at the same
time it renders the long wavelength salar modes forming
the stohasti bakground eetively massless. There-
fore, the analysis of massless Brans-Dike salar modes
of Ref. [20℄ applies and no L-eet is present.
It is more interesting, from this point of view, to on-
sider f(R) theories relevant for early universe physis.
For example, in the model f(R) = R + aR2, it is
mφ = 1/
√
6a. One expets the parameter a weight-
ing quantum orretions to the Einstein-Hilbert ation
to be small and, hene, a large mass for the salar de-
gree of freedom φ, whih propagates with group veloity
vg ≃ ck/mφ =
√
6a ck.
Assuming the onformal transformation
g˜µν = e
2Φgµν with e
2Φ = f ′(R) , (25)
where the prime indiates dierentiation with respet to
the Rii salarR and Φ is the onformal salar eld, we
obtain the onformally equivalent Hilbert-Einstein ation
A = 1
2k
∫
d4x
√
−g˜
[
R˜+ L (Φ,Φ
;µ
)]
(26)
where L (Φ,Φ
;µ
)
is the onformal salar eld ontribution
derived from
R˜µν = Rµν+2
(
Φ;µΦ;ν − gµνΦ;δΦ;δ − Φ;µν − 1
2
gµνΦ
;δ
;δ
)
(27)
and
R˜ = e−2Φ
(
R − 6Φ− 6Φ;δΦ;δ
)
. (28)
In any ase, as we will see, the L (Φ,Φ
;µ
)
-term does not
aet the gravitational wave tensor equations so it will
not be onsidered further.
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Beginning with the ation (26) and deriving the
Einstein-like onformal equations, the gravitational wave
equations expressed in the onformal metri g˜µν are
˜ h˜ji = 0 . (29)
Sine no salar perturbation ouples to the tensor part
of the gravitational waves, we have δΦ = 0 and then
h˜ji = g˜
ljδg˜il = e
−2Φglje2Φδgil = h
j
i (30)
whih means that hji is a onformal invariant. As a on-
sequene, the plane-wave amplitude dened by hji (t, x) =
h(t) eji exp(iklx
l), where eji is the polarization tensor, are
the same in both metris. In any ase, the d'Alembert
operator transforms as
˜ = e−2Φ
(
+ 2Φ;λ∇λ
)
(31)
and this means that the bakground is hanging while
the tensor wave amplitude is not.
In order to study the osmologial stohasti bak-
ground, the operator (31) an be speied for a
Friedmann-Robertson-Walker (FRW) metri given by
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) , (32)
2
Atually, a salar omponent of gravitational radiation is often
onsidered [40, 41℄, but here we are taking into aount only the
genuine tensor part of the stohasti bakground.
6and then eq. (29) beomes
h¨+
(
3H + 2Φ˙
)
h˙+ k2a−2h = 0 , (33)
where  =
∂2
∂t2
+ 3H
∂
∂t
and k is the wave number.
It is worth stressing that eq. (33) applies to any f(R)
theory whose onformal transformation an be dened
as e2Φ = f ′(R). The solution, i.e., the gravitational wave
amplitude, depends on the spei osmologial bak-
ground (i.e., a(t)) and the spei theory of gravity
(i.e., Φ(t)) [42℄. Considering also the onformal time
dη = dt/a, eq. (33) reads
d2h
dη2
+
2
χ
dχ
dη
dh
dη
+ k2h = 0 , (34)
where χ ≡ a eΦ. Ination means that a(t) = a0 exp(Ht)
and then η =
∫
dt/a = (aH)−1 and dχχdη = −η−1. The
exat solution of (34) is
h(η) =
√
2 k−2 [C1 sin kη + C2 cos kη] . (35)
Inside the H−1 radius we have kη ≫ 1. Furthermore,
onsidering the absene of gravitons in the initial vauum
state, we have only negative-frequeny modes and then
the adiabati behavior is
h =
√
2
π
k1/2
1
aH
C exp(−ikη) . (36)
At the rst horizon rossing (aH = k), the averaged
amplitude of the perturbation Ah = (k/2π)
3/2 |h| is
Ah =
C
2π2
. (37)
When the sale a/k grows larger than the Hubble radius
H−1, the growing mode of evolution is frozen, that is,
it is onstant. This situation orresponds to the limit
kη ≪ 1 in eq. (35). Sine Φ ats as the inaton eld,
it is Φ ∼ 0 at re-entry after the end of ination. Then
the amplitude Ah of the wave is preserved until the se-
ond horizon rossing after whih it an be observed, in
priniple, as an anisotropy perturbation in the osmi mi-
rowave bakground. It an be shown that △T/T . Ah
as an upper limit to Ah sine other eets an ontribute
to the bakground anisotropy [43℄. From these onsid-
erations, it is lear that the only relevant quantity is
the initial amplitude C in eq. (36), whih is onserved
until re-entry into the horizon. Suh an amplitude di-
retly depends on the fundamental mehanism generat-
ing the perturbations. Ination gives rise to proesses
apable of produing perturbations as zero-point energy
utuations. Suh a mehanism depends on the theory
of gravitation adopted and then (△T/T ) ould onsti-
tute a further onstraint to selet a suitable f(R)-theory.
Considering a single graviton in the form of a monohro-
mati wave, its zero-point amplitude is derived through
the equal time ommutation relations
[h(t, x), πh(t, y)] = i δ
3(x− y) , (38)
where the amplitude h is the eld and πh is the onjugate
momentum operator. Writing the Lagrangian for h
L˜ = 1
2
√
−g˜ g˜µνh;µh;ν (39)
in the onformal FRW metri g˜µν (h is onformally in-
variant), we obtain
πh =
∂L˜
∂h˙
= e2Φa3h˙ . (40)
Then, eq. (38) beomes[
h(t, x), h˙(t, y)
]
= i
δ3(x− y)
a3e2Φ
(41)
and the elds h and h˙ an be expanded in terms of re-
ation and annihilation operators
h(t, x) =
1
(2π)3/2
∫
d3k
[
h(t)e−ikx + h∗(t)e+ikx
]
, (42)
h˙(t, x) =
1
(2π)3/2
∫
d3k
[
h˙(t)e−ikx + h˙∗(t)e+ikx
]
. (43)
The ommutation relations in onformal time are then
[hh′∗ − h∗h′] = i(2π)
3
a3e2Φ
. (44)
The substitution of eqs. (36) and (37) yields C =√
2π2He−Φ, where H and Φ are alulated at the rst
horizon-rossing and then
Ah =
1√
2
He−Φ , (45)
whih means that the amplitude of gravitational waves
produed during ination diretly depends on the given
f(R) theory sine Φ = 12 ln f
′(R). Expliitly, it is [42℄
Ah =
H√
2f ′(R)
, (46)
where f ′(R) > 0 is neessary in order for the graviton
to arry positive kineti energy [31℄. The representation
of f(R) gravity as a Brans-Dike theory is partiularly
useful when dealing with the salar omponent of gravi-
tational waves, ruled by the equation [44℄
Φ = m2Φ , (47)
where Φ ≡ −δφ/φ0. The salar eld generates a third
omponent for the tensor polarization of gravitational
7waves and the total perturbation desribing a gravita-
tional wave propagating in the positive z diretion is
hµν(t− z) = A+(t− z) e(+)µν +A×(t− z) e(×)µν
+Φ(t− z) e(s)µν . (48)
The term A+(t−z)e(+)µν +A×(t−z)e(×)µν desribes the two
standard (i.e., tensorial) polarizations of a gravitational
wave arising from GR in the TT gauge [45℄, while the
term Φ(t− z)e(s)µν is the extension of the TT gauge mode
to the salar ase. Three dierent degrees of freedom are
present (see eq.(32) of [41℄), while only two are present
in standard GR. Then, for a purely salar gravitational
wave, the metri perturbation is [44℄
hµν = Φ e
(s)
µν . (49)
The stohasti bakground of salar gravitational waves
an be desribed in terms of the salar eld Φ and har-
aterized by a dimensionless spetrum (see the analogous
denition for tensor modes in [40, 46, 47, 48℄)
Ωsgw(f) =
1
ρc
dρsgw
d ln f
, (50)
where
ρc ≡ 3H
2
0
8πG
(51)
is the (present) ritial energy density of the universe,
H0 is the Hubble parameter today, and dρsgw is the en-
ergy density of the salar gravitational radiation in the
frequeny interval (f, f + df). We are now using stan-
dard units. Now it is possible to write an expression for
the energy density of the stohasti salar reli gravitons
bakground in the angular frequeny interval (ω, ω+dω)
as
dρsgw = 2~ω
(
ω2dω
2π2c3
)
Nω =
~H2dSH
2
0
4π2c3
dω
ω
=
~H2dSH
2
0
4π2c3
df
f
,
(52)
where f , as above, is the frequeny in standard omoving
time. Eq. (52) an be rewritten in terms of the ritial
and de Sitter energy densities
H20 =
8πGρc
3c2
, HdS =
8πGρdS
3c2
. (53)
Introduing the Plank density ρPlanck =
c5
~G2
, the spe-
trum is given by
Ωsgw(f) =
1
ρc
dρsgw
d ln f
=
f
ρc
dρsgw
df
=
16
9
ρdS
ρPlanck
. (54)
At this point, some omments are in order. First, the
alulation works for a simplied model that does not in-
lude the matter-dominated era. If the latter is inluded,
the redshift at the equivalene epoh has to be onsid-
ered. Taking into aount Ref. [49℄, one gets
Ωsgw(f) =
16
9
ρdS
ρPlanck
(1 + zeq)
−1
(55)
for the waves whih, at the epoh in whih the universe
beomes matter-dominated, have a frequeny higher than
Heq, the Hubble parameter at equivalene. This situa-
tion orresponds to frequenies f > (1 + zeq)
1/2H0 to-
day. The redshift orretion in eq. (55) is needed sine
the present value of the Hubble parameter H0 would be
dierent without a matter-dominated ontribution. At
lower frequenies, the spetrum is given by [46, 48℄
Ωsgw(f) ∝ f−2. (56)
As a further onsideration, let us note that the results
(54) and (55), whih are frequeny-independent, do not
hold in the entire range of physial frequenies. For waves
with frequenies less than the present Hubble parameter
H0, the notion of energy density is not dened beause
the wavelength beomes longer than the Hubble sale.
Similarly, at high frequenies, there is a maximal fre-
queny above whih the spetrum rapidly drops to zero.
In the above alulation, the simplifying assumption that
the phase transition from the inationary to the radia-
tion dominated epoh is instantaneous has been made.
In the physial universe, this proess ours over some
time sale ∆τ , with
fmax =
a(t1)
a(t0)
1
∆τ
, (57)
whih is the redshifted rate of the transition. In any
ase, Ωsgw drops rapidly. The two utos at low and
high frequenies for the spetrum guarantee that the total
energy density of the reli salar gravitons is nite. For
GUT-sale ination, it is of the order [46℄
ρds
ρPlanck
≈ 10−12 . (58)
These results an be quantitatively onstrained onsider-
ing the reent WMAP release. In fat, it is well known
that WMAP observations put severe restritions on the
spetrum. In Fig. 1 the spetrum Ωsgw is mapped: on-
sidering the ratio ρds/ρPlanck, the reli salar gravita-
tional wave spetrum seems onsistent with the WMAP
onstraints on salar perturbations. Nevertheless, sine
the spetrum falls o as f−2 at low frequenies, today
at LIGO/VIRGO and LISA frequenies (indiated in
Fig. 1), one gets
Ωsgw(f)h
2
100 < 2.3× 10−12 , (59)
where h100 = H0/
(
100 km · s−1 ·Mp−1). It is interest-
ing to alulate the orresponding strain at f ∼ 100Hz,
where interferometers suh as VIRGO and LIGO ahieve
8maximum sensitivity. The well known equation for the
harateristi amplitude [46, 48℄ adapted to the salar
omponent of gravitational waves
Φc(f) ≃ 1.26× 10−18
(
1Hz
f
)√
h2100Ωsgw(f) , (60)
an be used to obtain
Φc (100Hz) < 2 · 10−26 . (61)
Then, sine we expet a sensitivity of the order of 10−22
for the above interferometers at f ∼ 100 Hz, we need
to gain four orders of magnitude. Let us analyze the
situation also at lower frequenies. The sensitivity of
the VIRGO interferometer is of the order of 10−21 at
f ∼ 10 Hz and in that ase it is
Φc (10Hz) < 2 · 10−25 . (62)
The sensitivity of the LISA interferometer will be of the
order of 10−22 at f ∼ 10−3 Hz and in this ase it is
Φc
(
10−3Hz
)
< 2 · 10−21 . (63)
This means that a stohasti bakground of reli salar
gravitational waves ould, in priniple, be deteted by
the LISA interferometer.
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Figure 1: The spetrum of reli salar gravitational waves in
inationary models is at over a wide range of frequenies.
The horizontal axis is log
10
of frequeny, in Hz. The vertial
axis is log
10
Ωgsw . The inationary spetrum rises quikly at
low frequenies (wave whih re-entered the Hubble sphere af-
ter the universe beame matter-dominated) and falls o above
the (appropriately redshifted) frequeny sale fmax assoi-
ated with the fastest harateristi time of the phase transi-
tion at the end of ination. The amplitude of the at region
depends only on the energy density during the inationary
stage; we have hosen the largest amplitude onsistent with
the WMAP onstraints on salar perturbations. This means
that, at LIGO and LISA frequenies, Ωsgw < 2.3 · 10
−12
.
To estimate the rms deetion eet from massive
salar modes in the gravitational wave bakground, we
restrit to periods that are of the order of hours or days.
A longer period would result in a frozen eet whih
is muh less likely to be deteted, while a muh shorter
period would probably render the deetions unobserv-
able beause only an averaged position shift would be
reorded during observation times longer than the pe-
riod itself and a slightly blurred image would be the out-
ome (although fast photometry might allow to push the
limits). Assuming a frequeny ∼ 10−3 Hz at a distane
L ∼ 500 kp and using the upper limit (63), one obtains
a rms deetion θrms ∼
√
kL ǫ ∼ 10−10. The maximum
resolution expeted with high preision astrometry is of
the order of miroarseonds (∼ 10−7 radians), three or-
ders of magnitude above the required sensitivity for de-
tetion. For galati soures at L ∼ 5 kp, to whih high
preision astrometry is more likely to apply, θrms drops
by another order of magnitude. One an, of ourse, on-
sider dierent soures of eletromagneti radiation with
slightly higher frequeny, at more promising distanes L,
and perhaps nd mehanism whih produe higher salar
amplitudes Φ: at a rst look, however, it is unlikely that
the four orders of magnitude neessary for detetion an
be bridged in the foreseeable future.
V. OUTLOOKS
All modern theories of high energy physis unifying
gravity with the other interations predit departures
from GR; however, no suh deviation has been observed
so far in Solar System experiments, and pratially all the
experimental onstraints on suh deviations are obtained
within the Solar System (the binary pulsar and grav-
itational lensing provide onstraints that are not om-
petitive with those obtained from Solar System experi-
ments). Therefore, it is interesting to explore astrophys-
ial eets outside of this narrow region of the universe
that ould potentially exhibit deviations from Einstein's
theory. The umulative deetions, or frequeny shifts
due to propagation of light from distant soures through
random massive modes of the gravitational wave bak-
ground ould onstitute suh an eet. There is now a
wide range of theories prediting massive salar, vetor,
and tensor modes that an lead to suh an eet. How-
ever, the astrophysial and osmologial proesses gen-
erating osmologial gravitational wave bakgrounds in
these theories are still unexplored. Here we do not at-
tempt to estimate the average strength ǫ of the various
modes appearing in these theories of gravity, in dierent
ranges of wavelengths, and under various assumptions.
We limit ourselves to outline an estimate for a partiular
ase: massive salar modes in f(R) gravity. This lass
of theories has been the subjet of muh reent atten-
tion in order to explain the observed aeleration of the
universe without resorting to dark energy. For the situ-
ation onsidered here, the deetions seem to be a few
orders of magnitude too small for detetion; on the other
9hand, we nd that these salar modes are ertainly of
interest for diret attempts at detetion with the LISA
experiment. Aording to our preliminary disussion, the
indiret detetion with the position and frequeny shift
eet does not seem to be feasible with urrent tehnol-
ogy; however, a more detailed analysis is neessary before
denitive onlusions an be drawn. It is, in priniple,
possible that massive gravitational wave modes ould be
produed in more signiant quantities in osmologial
or early astrophysial proesses in alternative theories of
gravitythe latter are still unexplored. This possibility
should be kept in mind when looking for a signature dis-
tinguishing these theories from GR, and seems to deserve
further investigation.
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